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GMRES

| +General purpose, sparse linear solver
* |terative, Krylov solver

 Memory bound performance
» Mix single and double precision
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GMRES Algorithm

GMRES, (A4, x9,b,M™1) ComputingAx =b. At =~ M1
for k=0,1,2,.. Restarts
ry < b — Axk
Zi < M_lrk
B < llzgll2
V:,O < Zk/ﬁ
s < [B,0,0,...,0]"
forj=0,1,2,.. lteration count
we M AV
w,H.; < ortho gonalize(w, V. j)
Hj, ;< lwll,
V.j+1 < w/|[wll,
H ;< GyGy..Gj_1H
Gj < rotation_matrix(H. ;)
H. ; < G;H, ;
s < Gjs
u, < VH 1s
Xp+1 < X+ U
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GMRES Algorithm

GMRES, s (4, X9, b, M™1)
fOF k == 0; 1; 2;
rk «b— Axk

Double:

Zy < M‘lrk
B < lizill,
V:,O < Zk/ﬁ
s < [B,0,0,...,0]"
forj=0,1,2,..
W « M_lAV;,j
wH. ;< ortho gonalize(W, V. j)
Hj+1’j < ”W”2
V:,j.|.1 < w/|wll,
H:,j «— GOGl ...Gj_1H;,j
G; < rotation_matrix(H. ;)
H:,j «— GjH:,j
S « GjS
Uy < VH s

Single:

Double: Xjer1 < Xie + Uy

ComputingAx =b. At =~ M1
Restarts

Iteration count
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Double:
Single:
Double:
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GMRES Simplified Algorithm

GMRESreS(A; xO) b, M_l)
for k=0,1,2,..
T < b — Axk

u;, « GMRES,,, ,»c(4,0,1, M~1)| 7

Xk+1 < X T Uy
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GMRES Simplified Algorithm

GMRES, (4, xo, b, M~ 1)
for k=20,1,2,...
Double: rj < b — Axy
Single:  |uy, « A7 1y
Double:  xp.1 « x5, + uy,
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Performance

|b—Ax]||,
NAllEllx]l2+]Ib]l2

» Target accuracy 10710 =

» Restart strategies:

. 100 inner iterations

II. 100 inner iterations or residual estimate of 10710

. First: 100 inner iterations or residual estimate of 107°
Then: same number of inner iterations

» 20-core Haswell node with NVIDIA V100 GPU
e cuSparse, cuBLAS, Kokkos

 CSR matrix format
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Performance -

Scalar Jacobi

« Speedups
* Median time of 3 run
« 3runs
« Error bars: mins and maxes

« Geometric mean of speedup
- MGS: 14%
- CGSR: 54%
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Performance - ILU(O)

2] « Speedups
 Median time of 3 run

1.00 - III..T*llm_lllll- Illlll!ll * 3 runs

 Error bars: mins and maxes
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« Geometric mean of speedup
o - MGS: -7%
%m-l |- | I . CGSR: -4%
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Performance - ILU(O) with Jacobi Solves

2.00

 |LU(O) w/ 5 Jacobi iterations
for each triangular solve

ol -ﬁ_ll III-_._-_|_ o Speedups

« Median time of 3 run

1.50 A

« 3runs
« Error bars: mins and maxes

i » Geometric mean of speedup
R .. o e - MGS: 8%

........ R - CGSR: 14% -
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Future Directions

| «Choice of low-precision
« Half, Bfloat16
« Compression

 Distributed systems

« Other Krylov methods
* Applications
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Conclusions

- *When restarted, mixed-precision GMRES often
~ outperforms double-precision GMRES
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Test Configuration Details

« CUDA 10.2.199, Kokkos 3.1.01, GCC 7.3.0

« https://bitbucket.org/icl/mixed-precision-gmres
 tag TPDS-perf



https://bitbucket.org/icl/mixed-precision-gmres
https://bitbucket.org/icl/mixed-precision-gmres/src/TPDS-perf/
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Effect on Convergence: Configuration

i - ILU(O) preconditioner (M 1)
' +CSR matrix format
« Custom, mixed precision kernels w/ Kokkos

« 20-core Haswell node
« 2X Intel® Xeon® Eb-2650 v3 processors
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Effect on Convergence: Configuration

e airfoil_2d from SuiteSparse collection
e n = 14,214
 nnz = 259,688
.k, = 1.8+ 10°
 Error if GMRES stopped
|b — Ax||,
1AllEllxlz + 1B
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Accuracy results

10—4 -

10—7 -

10—10 -

10—13 -

Normwise Backwards Error

- Single
e Mixed
= Double

0

200 400 600 800
Inner lterations

Modified Gram-Schmidt
Orthogonalization (MGS)

0

200 400 600 800
Inner lterations

Classical Gram-Schmidt with
Reorthogonalization (CGSR)
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